Current noise geometrically generated by a driven magnet by Ludwig, Tim et al.
Current noise geometrically generated by a driven magnet
Tim Ludwig1,2, Igor S. Burmistrov2,3,1,4, Yuval Gefen5, Alexander Shnirman1,4
1Institut fu¨r Theorie der Kondensierten Materie,
Karlsruhe Institute of Technology, 76128 Karlsruhe, Germany
2L.D. Landau Institute for Theoretical Physics RAS, Kosygina street 2, 119334 Moscow, Russia
3Laboratory for Condensed Matter Physics, National Research University Higher School of Economics, 101000 Moscow, Russia
4Institute of Nanotechnology, Karlsruhe Institute of Technology, 76021 Karlsruhe, Germany and
5Department of Condensed Matter Physics, Weizmann Institute of Science, 76100 Rehovot, Israel
We consider a non-equilibrium cross-response phenomenon, whereby a driven magnetization gives
rise to electric shot noise (but no d.c. current). This effect is realized on a nano-scale, with
a small metallic ferromagnet which is tunnel-coupled to two normal metal leads. The driving
gives rise to a precessing magnetization. The geometrically generated noise is related to a non-
equilibrium distribution in the ferromagnet. Our protocol provides a new channel for detecting and
characterizing ferromagnetic resonance.
Off-diagonal (cross-) response phenomena, e.g. the
thermoelectric effect, are ubiquitous in physics. In spin-
tronic systems, by applying an electric charge current one
can drive magnetization dynamics and vice versa [1–7].
This usually requires magnetic contacts which allow for
a conversion between spin and charge currents; see how-
ever [8]. In this Letter we report a higher order strongly
non-equilibrium cross-response effect. Namely, we show
that by driving magnetization dynamics one can gener-
ate electric shot noise [9, 10] without generating charge
current. Strikingly, no magnetic leads are needed and the
leads can be at equilibrium with each other.
We consider a small metallic ferromagnet with mag-
netization driven to precess. The ferromagnet is tunnel-
coupled to two normal metal leads; see Fig. 1. The
precessing magnetization drives the electrons of the ferro-
magnet into a strongly non-equilibrium state. This effect
is most pronounced if the ferromagnet is small enough
such that internal relaxation is negligible compared to
the relaxation due to the coupling to the leads. The pre-
FIG. 1: A small metallic ferromagnet with precessing magne-
tization is tunnel-coupled to two normal metal leads, which
are at equilibrium with each other. The precessing magneti-
zation pumps a spin-current from the small ferromagnet into
the leads [4–6]. The average charge current vanishes by sym-
metry. Thus, the current of spin-up electrons and spin-down
electrons balance each other on average and in each junction
separately; in the ferromagnet, the precessing magnetization
mixes spin-up and spin-down electrons. All four spin-resolved
electron currents are fluctuating. These fluctuations combine
to give rise to the noise of left to right (transport) charge
current.
cessing magnetization, in turn, induces non-equilibrium
shot noise of the electric current. The non-equilibrium
distribution responsible for the shot noise is governed by
the geometric Berry phase due to precessing magnetiza-
tion, branding the shot noise geometric. This shot noise
exists even when both leads are in equilibrium with each
other, although the average charge current vanishes then.
Shot noise is particularly interesting in spintronics be-
cause it gives insights into the magnetic configuration
and its dynamics which may be hard to obtain otherwise
[11–17].
Results.—In order to describe dynamics of the mag-
netization of a small ferromagnet we use the macrospin
approximation, i.e., the magnetization is given by a sin-
gle vector M = M(sin θ cosφ, sin θ sinφ, cos θ). We as-
sume a steady state precession of the magnetization at
a constant polar angle θ and with a constant precession
frequency ϕ˙. Under this assumptions, we found that the
charge current vanishes on average, I = 0, but the cur-
rent noise remains finite:
S = 4gtT + gt sin
2 θ
(
φ˙ coth
φ˙
2T
− 2T
)
. (1)
Here gt = 2(ρ↑ + ρ↓)ΓlΓr/(Γl + Γr) is the total conduc-
tance of the double tunnel-junction with spin-dependent
density of states of the small ferromagnet ρσ. The rates
Γl and Γr characterize the spin-conserved tunneling to
left and right leads respectively. The precessing mag-
netization pumps a spin-current into the adjacent leads
[4–6], which drives the electron system into a strong non-
equilibrium state [18, 19]; see Fig. 3. At high tempera-
tures (T  φ˙), the noise is dominated by the first term
S ≈ 4gtT , which is the standard thermal noise. At low
temperatures (T  φ˙ sin2 θ), however, the noise is dom-
inated by the second term S ≈ gt sin2 θ |φ˙|. The time-
dependence of the magnetization is the source of driving
for the electron system. Therefore, the precession fre-
quency φ˙ acts like a voltage bias for standard shot noise.
Application to FMR-driven magnet.—Now let us con-
sider our setup under conditions of a ferromagnetic res-
onance (FMR). The dynamics of the magnetization is
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2phenomenologically described by the Landau-Lifshitz-
Gilbert equation m˙ = m × B − αm × m˙, where
m = M/M is the direction of the magnetization and α is
the Gilbert-damping coefficient. For the FMR-setup, we
choose the magnetic field B = (Ω cosωdt,Ω sinωdt, B0)
with a fixed component B0 in z−direction and, perpen-
dicular to it, a small driving field with strength Ω and fre-
quency ωd. For negligible internal relaxation, the damp-
ing is dominated by the coupling to the leads. Without
driving, the Gilbert-damping would relax the magnetiza-
tion towards θ = 0. With driving (Ω 6= 0), however, the
magnetization can be brought into a steady state pre-
cession. That is, after the decay of transient effects, the
magnetization precesses at the frequency of the driving
field φ˙ = ωd and the polar angle θ is determined by the
competition between Gilbert-damping and FMR-driving.
Explicitly, θ is determined by
sin2 θ =
(Ω+ + Ω−)2
Ω2+ + Ω
2− + 2∆2 + 2
√
(∆2 + Ω2+)(∆
2 + Ω2−)
,
(2)
with Ω± = Ω ± αωd and the detuning parameter ∆ =
ωd + B0. The dependence of sin
2 θ on precession fre-
quency ωd has a resonant character with a maximum at
ωd = −B0. This ferromagnetic resonance of the magne-
tization’s steady state precession directly translates into
a resonance in the current noise; see Fig. 2. At low
temperatures, T  ωd sin2 θ, the form of the resonance
in the current noise resembles the FMR structure of the
stationary precession angle. At higher temperatures, the
resonance in the current noise can be visible on top of the
constant thermal noise. Now we explain how our results
were derived.
The effective action.—Because the dynamics of the
magnetization creates non-equilibrium conditions, we ap-
ply Keldysh formalism [20–22]. The Keldysh generating
function is Z = ∫ D[Ψ¯,Ψ] exp (iS) with the action,
S =
∮
K
dt Ψ¯ (i∂t − hs − Σˆ) Ψ , (3)
where the integral is along the Keldysh contour and
Ψ, Ψ¯ denote the fermionic fields of the small ferromag-
net. The self-energy operator Σˆ is defined by [ΣˆΨ](t) =∮
dt′ Σ(t− t′)Ψ(t′), where Σ = Σl + Σr is the self-energy
arising from the tunnel-coupling to the left lead Σl and
right lead Σr. The self-energy contains the essential in-
formation about the tunnel-coupling to the leads: first,
the retarded and advanced part contain the tunneling-
rates Σ
R/A
l/r (ω) = ∓iΓl/r; second, the Keldysh part con-
tains the distribution functions of the leads ΣKl/r(ω) =
−2iΓl/rFl/r(ω), where Fl/r(ω) = 1 − 2fl/r(ω) with the
Fermi-distributions fl/r(ω) = 1/[exp[(ω−µ)/T ]+1]. We
emphasize that the ferromagnet’s distribution function
fs, respectively Fs, is not yet known explicitly but it
is implicitly determined by the action, Eq. (3). This
distribution function is governed by the coupling to the
FIG. 2: When the steady state precession of the magnetiza-
tion is maintained by driving with a FMR-setup, the polar
angle θ depends on driving frequency φ˙ = ωd. The peak of
sin2 θ at ωd = −B0 (∆ = 0) is a typical FMR-peak. We
show the zero-frequency noise of charge current that is gener-
ated by the precessing magnetization; we subtract the ther-
mal contribution and normalize onto the value of the total
conductance, that is, we show (S − 4gtT )/gt. The generated
noise of charge current clearly reflects the peak structure of
sin2 θ in the FMR-setup. Parameters in figure: α = 0.04,
Ω/(αB0) = 0.63.
leads and the dynamics of the magnetization which en-
ters through the effective single-particle Hamiltonian,
hs = h0 −Mσ/2 (4)
where σ is the vector of Pauli-matrices and h0 is a spin-
degenerate single-particle Hamiltonian of the small fer-
romagnet. For the derivation of the charge noise, the
magnetization is considered to be a classical field with
given dynamics (steady state precession).
The charge current and its noise are determined with
help of a counting field λ, which is introduced into
the self-energy related to the left lead Σl → Σl(λ).
We follow Ref. [16], and introduce λ such that the
charge transported through the left junction is deter-
mined as 〈Ql〉 = i∂λ Z(λ)|λ=0 with the corresponding
noise
〈
Q2l
〉
= (i∂λ)
2 Z(λ)|λ=0; details are provided in
supplementary material (SM). We can now integrate out
the fermions to obtain Z(λ) = exp[iS(λ)] with the action
iS(λ) = tr ln[i∂t − h0 +Mσ/2− Σ(λ)] . (5)
The magnetization’s time-dependence makes it compli-
cated to proceed. It is, thus, very convenient to trans-
form to a frame of reference in which the magnetization
is time-independent.
Rotating frame.—The magnetization is rotated onto
the z-axis at all times,
R†MσR = Mσz , (6)
with a time-dependent rotation in spin-space R. While
simplifying the magnetic part, this rotation also comes
at a cost: because of its time-dependence, it gives rise to
3a new term iR†R˙ under the tr ln, see Eq. (5), and also
rotates the self-energy R†ΣR. After rotation, the action
becomes
iS(λ) = tr ln[ i∂t − h0 +Mσz/2 + iR†R˙−R†Σ(λ)R︸ ︷︷ ︸
=:G˜−1λ
]
,
(7)
where G˜−1λ defined the rotating-frame Green’s function
G˜λ. Following Ref. [23], we choose the Euler-angle rep-
resentation R = e−i
φ
2 σze−i
θ
2σyei
φ−χ
2 σz , where φ, θ are the
angles characterizing the magnetization and the gauge-
freedom χ is fixed by χ˙ = φ˙(1− cos θ). This choice elim-
inates the spin-diagonal part of iR†R˙ which contains in-
formation about the Berry phase. However, the Berry
phase is not eliminated; instead it is shifted to the ro-
tated self-energy.
Rotating-frame distribution functions.—Because re-
tarded and advanced parts of the self-energy are trivial
in spin-space and local in time, the rotation only affects
the Keldysh part. While the Keldysh part ΣK(t − t′) =
−2i[ΓlFl(t − t′) + ΓrFr(t − t′)] is also trivial in spin-
space, it is non-local in time because of the distribution
functions Fl/r(t− t′). It follows, R†(t)ΣK(t− t′)R(t′) =
−2i[ΓlF˜l(t, t′)+ΓrF˜r(t, t′)] with the rotating-frame distri-
bution functions F˜l/r(t, t
′) = R†(t)Fl/r(t − t′)R(t′). For
the following, it is convenient to change to the Wigner
time-coordinates t¯ = (t + t′)/2, ∆t = t − t′ and to per-
form a Fourier-transformation ∆t→ ω. For steady state
precessions (with θ and φ˙ constant), the spin-diagonal
parts of the rotating-frame distribution functions are
given by F˜σl/r(ω) = [F˜l/r(ω)]σσ = cos
2 θ
2Fl/r(ω + σω−) +
sin2 θ2Fl/r(ω + σ¯ω+). These distributions are governed
by the magnetization dynamics via the Berry-phase in
ω± = φ˙(1± cos θ)/2.
Adiabatic approximation.—In order to proceed, we
have to determine the rotating-frame Green’s function
G˜λ for vanishing counting field λ = 0. In principle this
poses a complicated problem, since the spin-off-diagonal
elements of its inverse G˜−10 depend on time. However,
we assume the magnetization M to be the largest rele-
vant energy scale in the small ferromagnet. This allows
us to disregard the spin-off-diagonal elements of G˜−10 for
the determination of G˜0 In particular, we disregard spin-
off-diagonal elements of iR†R˙ which are related to tran-
sitions between spin-up and spin-down states; this cor-
responds to an adiabatic approximation [23]. Further-
more, we disregard spin-off-diagonal elements of the ro-
tated self-energy. It is, now, straightforward to obtain
the rotating-frame Green’s function,
G˜
R/A
0,aσ(ω) =
1
ω − ξaσ ± iΓΣ ,
G˜K0,aσ(ω) =
−2iΓΣF˜σs (ω)
(ω − ξaσ)2 + Γ2Σ
,
(8)
with the total level broadening ΓΣ = Γl + Γr. The spin-
dependent single-particle energy is ξaσ = a − Mσ/2,
FIG. 3: (a) The spin-diagonal part of the small ferromag-
net’s rotating-frame distribution function is shown for spin-up
(red solid) and spin-down (blue dashed). The areas shaded in
blue and red are all equal in size: sin2 θ |φ˙|/4, which means
that the electrons are redistributed in energy space for each
spin-polarization separately. (b) The noise of charge current,
Eq. (11), is determined by the integral over 1− F˜σs (ω)F˜σl (ω),
which itself is governed by the distribution function f˜σs (ω).
The contribution to this noise is identical for both spin-
polarizations, as the shaded areas are equal in size (red for
spin-up; blue for spin-down). Parameters in figures: θ = pi/3
and ωd < 0.
where a are the eigenenergies of h0 with corresponding
eigenstates a. The rotating-frame distribution function
of the small ferromagnet,
F˜σs (ω) =
[
ΓlF˜
σ
l (ω) + ΓrF˜
σ
r (ω)
]
/ΓΣ , (9)
is a superposition of the leads’ rotating-frame distribu-
tion functions. In absence of bias, the rotating-frame
distribution functions are exactly the same in all three
systems F˜σs (ω) = F˜
σ
l (ω) = F˜
σ
r (ω); see Fig. 3.
It is worthwhile to emphasize that the transformation
into the rotating frame is a crucial step that allows us
to solve the problem. The reason is as follows. As we
discussed above it is enough to find the spin-diagonal
components of the rotating-frame distribution function.
However, as one can check [24], the knowledge of the
spin-diagonal components of the rotating-frame distribu-
tion function is not enough in order to determine the
distribution function in the laboratory frame.
Charge current and its noise.—The zero-frequency
charge current Il is defined via the transported charge
〈Ql〉 =
∫
dt Il. Differentiating the generating func-
tion, the transported charge is determined to 〈Ql〉 =
−i tr[G˜0Σ˜′l], where Σ˜′l = ∂λΣ˜l(λ)|λ=0 is the derivative
of the rotated self-energy Σ˜(λ) = R†Σ(λ)R. For the cur-
4rent, we find [24]
Il =
∑
σ
ρσΓl
∫
dω [F˜σl (ω)− F˜σs (ω)] = 0 , (10)
where we defined the spin-dependent density of states,
ρσ(ω) =
∑
a
1
pi
ΓΣ
(ω−ξaσ)2+Γ2Σ
. We assumed it to be ap-
proximately constant ρσ(ω) = ρσ on all scales smaller
than M . The resulting formula for the charge current is
the Landauer formula [25] with rotating-frame distribu-
tion functions. This reflects the fact that the amount of
transported charge is an observable which has to be in-
dependent of the frame of reference. Explicitly, however,
the current vanishes, since no bias is applied.
Similar to the average current, the zero-frequency
noise [26] of charge current Sl is defined via 〈〈Q2l 〉〉 =∫
dt Sl/2. Differentiating the generating function, the
noise of transported charge is determined to 〈〈Q2l 〉〉 =
tr[G˜0Σ˜
′′
l ] + tr[G˜
′
0Σ˜
′
l], where Σ˜
′′
l = ∂
2
λΣ˜l(λ)|λ=0 is the
second derivative of the rotated self-energy and G˜′0 =
∂λG˜λ
∣∣
λ=0
= G˜0Σ˜
′
lG˜0 is the derivative of the rotating-
frame Green’s function. For the noise, we find [24]
Sl =
∑
σ
gσ
∫
dω
{[
1− F˜σs (ω)F˜σl (ω)
]
+
+
Γl
Γr
F˜σs (ω)
[
F˜σl (ω)− F˜σs (ω)
]}
,
(11)
where gσ = 2ρσΓlΓr/(Γl+Γr) is the spin-dependent con-
ductance of the double tunnel-junction. After the inte-
gration over frequency, we obtain Eq. (1) as result for
the shot noise.
Discussion.— In our relatively simple model which ex-
cludes internal relaxation, we were able to properly derive
the non-equilibrium distribution function F˜σs (ω) given by
Eq. (9). This, in particular, guarantees that the charge
conservation laws are satisfied. Indeed, since the small
ferromagnet cannot store additional charges for an infi-
nite time, charge conservation requires Il = −Ir =: I
and Sl = Sr =: S at zero frequency. For the right junc-
tion, current Ir and noise Sr can be obtained from eqs.
(10) and (11) by exchanging Γl ↔ Γr and substituting
F˜σl (ω) → F˜σr (ω). As expected, we find Il = −Ir and
Sl = Sr.
In the presence of internal relaxation one might be
tempted to impose a physically motivated distribution
function in the small ferromagnet as a shortcut of a full
calculation. We emphasize, however, that the charge
conservation condition Sl = Sr puts a strong restriction
onto possible distribution functions. In particular, charge
conservation would be violated if F˜σs (ω) is just replaced
by an equilibrium distribution function with an adjusted
electrochemical potential. Thus, a straightforward appli-
cation of the results of Ref. [16] obtained for a single
tunnel junction to the double tunnel-junction considered
here is not possible.
We expect the effects of internal relaxation to be three-
fold: (i) the Gilbert-damping coefficient α can be in-
creased (spin-orbit coupling) and, thereby, the polar an-
gle θ of steady state precessions is changed; (ii) internal
relaxation tends to bring the magnet’s rotating-frame dis-
tribution function F˜σs (ω) towards equilibrium; (iii) the
formal result for the noise, Eq. (11), has to be changed
in order not to violate charge conservation when the dis-
tribution function changes. However, for weak internal
relaxation, these effects might be taken into account per-
turbatively and, therefore, we expect our results to be
robust against finite but small internal relaxation.
Conclusion.— We have found a higher order non-
equilibrium off-diagonal response effect. Namely, we have
shown that zero-frequency shot noise of charge current is
generated by a precessing magnetization of a small fer-
romagnet which is tunnel-coupled to two normal metal
leads. This noise, Eq. (11), crucially depends on the
electronic distribution function which is in turn geomet-
rically governed by the magnetization dynamics; see Fig.
3. Thus, the noise of the charge current, Eq. (1), is gen-
erated by the precession of the magnetization. For the
FMR-setup, Fig. 2, this effect can be used to detect the
magnetization dynamics in spite of the vanishing average
current.
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In this supplemental material, we present (i) details of the introduction of counting fields, (ii)
details of the derivation of results for the charge current and its noise, and (iii) a detailed explanation
why the knowledge of spin-diagonal components of the rotating-frame distribution function is not
sufficient to determine the laboratory-frame distribution function.
S.I. DETAILS OF THE DERIVATION FOR CHARGE CURRENT AND ITS NOISE
A. Derivation of effective action
Before leads are integrated out, the full Hamiltonian is H = Hs+Hl+Hr where Hs describes the small ferromagnet
and Hl, Hr describe the left and right lead respectively and include the tunnel-coupling to the small ferromagnet.
Explicitly, Hs =
∑
ασσ′ [hs]aσσ′c
†
aσcaσ′ , where c
†
aσ creates (caσ annihilates) a particle in the orbital state a with
spin σ. The single particle Hamiltonian is hs = h0 −M(t)σ2 , where M(t) is the time dependent magnetization
of the small ferromagnet, σ is the vector of Pauli-matrices, and h0 =
∑
aσ ac
†
aσcaσ is the spin-degenerate single-
particle Hamiltonian. The leads are assumed to be non-interacting and the tunnel-coupling is assumed to be spin-
conserving. The (coupling to the) left lead is described by Hl =
∑
γσ γ c
†
γσcγσ +
∑
aγσ(tl,anc
†
aσcγσ + h.c.), where
γ = (n, k) is a collective index for momentum k and transport channel n. Respectively, c†γσ, cγσ are creation and
annihilation operators for electrons in state γ with spin σ and γ is the corresponding energy. The tunneling through
the left junction is described by the tunneling-matrix tl. Analogously, Hr =
∑
γ˜σ γ˜ c
†
γ˜σcγ˜σ +
∑
aγ˜σ(tr,an˜c
†
aσcγ˜σ +h.c.)
describes (the coupling to) the right lead. Now, applying Keldysh formalism leads to the Keldysh partition function
Z = ∫ D[Ψ¯,Ψ]eiS with the action S = ∮
K
dt [Ψ¯ i∂t Ψ − H(Ψ¯,Ψ)], where Ψ¯,Ψ denote all fermionic fields including
those of the leads. Would we directly integrate out the fermionic fields of the leads, we would obtain the action
S = ∮
K
dt Ψ¯(i∂t − hs − Σˆ)Ψ, where Ψ¯,Ψ denote only fermionic fields of the small ferromagnet and the self-energy
operator Σˆ is defined by [ΣˆΨ](t) =
∮
dt′Σ(t− t′)Ψ(t′); compare Eq. (3) of the main text. The self-energy Σ = Σl+ Σr
arises from tunnel-coupling to left lead Σl = tlGlt
†
l and right lead Σr = trGrt
†
r respectively, where G
−1
l,γ = i∂t − γ
and G−1r,γ = i∂t − γ˜ . However, before integrating out the leads, we should introduce the counting field.
B. Introduction of counting fields
Formulas for the charge current and its noise can be conveniently derived via the introduction of a counting field.
Following Ref. [1], we introduce a counting field λ(t) for the charge transported into the left lead Ql by adding
Sc = −
∮
K
dt λ˙(t)
∑
γσ Ψ¯γσΨγσ to the action, that is, S → S + Sc. This newly added term is eliminated by a gauge
transformation for the fermionic fields of the left lead: Ψγσ → e−iλ(t)Ψγσ and Ψ¯γσ → Ψ¯γσeiλ(t). While this gauge
transformation eliminates Sc, it modifies the tunneling-matrix as
tl → tle−iλ(t) and t†l → t†l e+iλ(t) . (S1)
When the leads are integrated out, the counting field is transferred to the self-energy of the left lead Σl(t − t′) →
e−iλ(t)Σl(t− t′)e+iλ(t′). For compact notation, we write Σl(λ) = e−iλ(t)Σl(t− t′)e+iλ(t′). We assume the counting field
to have only a quantum component λ±(t) = ±λq(t)/2. For simplicity, we assume the counting field to be constant
λq(t) = λ, which is possible as we are interested in the zero-frequency current and noise [2].
Now, we integrate out the leads as indicated above. Afterwards, we also integrate out the fermionic fields of the
small ferromagnet to obtain the Keldysh partition function
Z(λ) = eiS(λ) (S2)
2with the action
S(λ) = −i tr ln[ i∂t − h0 +Mσ/2− Σ(λ)︸ ︷︷ ︸
G−1λ
]
, (S3)
where the counting field is contained in the self-energy Σ = Σl(λ) + Σr. The counting field was introduced in such a
way that the charge transported through the left junction is determined as
〈Ql〉 = i∂λ Z(λ)|λ=0 and
〈
Q2l
〉
= (i∂λ)
2 Z(λ)|λ=0 (S4)
and analog for higher moments. Would we directly take the derivative with respect to the counting field λ, we would
obtain for the charge 〈Ql〉 = −i tr[G0Σ′l] with Σ′l = ∂λΣl(λ)|λ=0 and for its noise 〈〈Q2l 〉〉 = tr[G0Σ′′l ] + tr[G′0Σ′l] with
Σ′′l = ∂
2
λΣl(λ)|λ=0 and G′0 = ∂λGλ
∣∣
λ=0
= G0Σ
′
lG0. The problem is, however, that we do not know the laboratory-
frame Green’s function G0. This is the reason for making the transformation to the rotating frame, where we can
determine the Green’s function G˜0.
C. Derivation of results for charge current and its noise.
The counting field is chosen to have a quantum component only and to be constant in time, that is λ±(t) = ±λq2 .
To keep the notation simple, we drop the quantum-index λq → λ in the following. After changing to the rotating
frame with R†MσR = Mσz, the generating function is given by Z(λ) = eiS(λ) with the new action
S(λ) = −i tr ln [ i∂t − α +Mσz/2−R†Σ(λ)R︸ ︷︷ ︸
G˜−1λ
]
. (S5)
Due to the time-dependence of the rotations, a new term iR†R˙ arises. However, as in the main text, the spin-diagonal
part of iR†R˙ is eliminated by the choice of gauge χ˙ = φ˙(1−cos θ) and the spin-off-diagonal part of iR†R˙ is disregarded
in an adiabatic approximation.
Using equation (S4), a straightforward differentiation with respect to the counting field leads to the first moment
〈Ql〉 = −i tr
[
G˜0 Σ˜
′
l
]
, where Σ˜′l = ∂λR
†Σl(λ)R
∣∣
λ=0
. From the main text, we know the spin-diagonal parts of the rotated
self-energy Σ˜
R/A
σσ (ω) = ∓iΓl and Σ˜Kσσ(ω) = −2iΓlF˜σl (ω) and also the Green’s function G˜R/A0 (ω) ≈ 1/(ω−ξaσ±iΓΣ) and
G˜K0 (ω) ≈ −2iΓΣF˜σs (ω)/[(ω− ξaσ)2 + Γ2Σ]. The spin-off-diagonal parts can be disregarded due the large magnetization
M . This leads to
〈Ql〉 =
∫
dt
∫
dω
∑
σ
ρσΓl
[
F˜σl (ω)− F˜σs (ω)
]
, (S6)
where we assumed the density of states ρσ(ω) =
∑
a
ΓΣ
(ω−ξaσ)2+Γ2Σ
to be approximately constant on all scales smaller
than M around the leads’ electrochemical potentials µ, i.e., ρσ(µ+ω) = ρσ. With 〈Ql〉 =
∫
dtIl, we can immediately
read of the result for the current Il =
∑
σ ρσΓl
∫
dω [F˜σl (ω) − F˜σs (ω)] which is the Landauer formula with rotating-
frame distribution functions. The results for the right junction can be obtained analogously by introducing a counting
field for the right lead. The formal result for Ir is analog to Il but with the replacements Γl → Γr and F˜σl (ω)→ F˜σr (ω).
However, charge conservation demands Il + Ir = 0 at zero frequency. Due to the absence of bias, we explicitly find
Il = 0 and Ir = 0 which could have been expected from symmetry.
For the second moment follows 〈Q2l 〉 = N0l +N1l +N2l with N0l = −
(
tr
[
G˜0 Σ˜
′
l
])2
= 〈Ql〉2, such that we obtain the
cumulant
〈〈Q2l 〉〉 = 〈Q2l 〉 − 〈Ql〉2 = N1l +N2l . (S7)
Formally, N1l = tr
[
G˜0 Σ˜
′′
l
]
and N2l = tr
[
G˜0 Σ˜
′
lG˜0 Σ˜
′
l
]
, where Σ˜′′l = ∂
2
λR
†Σl(λ)R
∣∣
λ=0
and in N2l we used ∂λG˜λ
∣∣
λ=0
=
G˜0 Σ˜
′
l G˜0. The term N
2
l arises from the dependence of the Green’s function on the counting field. Thus, this term can
be interpreted as a reaction of the distribution function of the small ferromagnet to tunneling of electrons. One might
wounder, if it is important to take those reactions of the distribution function into account. The answer is a clear
yes. Would we approximate 〈〈Q2l 〉〉 ≈ N1l and proceeding analogously for the right contact 〈〈Q2r〉〉 ≈ N1r , we would
3find 〈〈Q2l 〉〉 6= 〈〈Q2r〉〉 which violates charge conservation, as we consider zero-frequency. More explicitly, we obtain
N1l =
∫
dt
∫
dω
∑
σ
ρσ(ω) Γl
[
1− F˜σs (ω)F˜σl (ω)
]
(S8)
N2l =
∫
dt
∫
dω
∑
σ
Γ2l
ΓΣ
[
2ρ¯σ(ω)F˜
σ
s (ω)F˜
σ
l (ω)− ρ¯σ(ω)F˜σs (ω)F˜σs (ω)− ρσ(ω)− 2[F˜σl (ω)]2(ρ¯σ(ω)− ρσ(ω))
]
, (S9)
with two differently broadened densities of states ρσ(ω) =
∑
a
1
pi
ΓΣ
(ω−ξaσ)2+Γ2Σ
and ρ¯σ(ω) =
∑
a
1
pi
2Γ3Σ
((ω−ξaσ)2+Γ2Σ)2
. We
assume this difference in broadenings to be insignificant, that is, we approximate ρ¯σ(ω) ≈ ρσ(ω). As for the current,
we assume the density of states to be approximately constant ρσ(ω) ≈ ρσ. It follows,
〈〈Q2l 〉〉=
∫
dt
∫
dω
∑
σ
ρσΓrΓl
ΓΣ
{[
1− F˜σs (ω)F˜σl (ω)
]
+
Γl
Γr
F˜σs (ω)
[
F˜σl (ω)− F˜σs (ω)
]}
. (S10)
From this result, we can read off the noise of charge current Sl, which is defined by 〈〈Q2〉〉 =
∫
dt Sl/2. And indeed,
with N1l and N
2
l both taken into account, charge conservation is satisfied 〈〈Q2l 〉〉 = N1l + N2l = N1r + N2r = 〈〈Q2r〉〉,
when we proceed analogously for the right contact.
S.II. LABORATORY-FRAME DISTRIBUTION FUNCTION WOULD BE HARD TO DETERMINE
The rotating-frame distribution functions of the leads F˜l/r(t, t
′) have been found by the rotation of the laboratory-
frame distribution functions Fl/r(t − t′), that is, F˜l/r(t, t′) = R†(t)Fl/r(t − t′)R(t′). We could also perform the
inverse rotation to obtain Fl/r(t−t′) = R(t)F˜l/r(t, t′)R†(t′), which determines the leads’ laboratory-frame distribution
functions in terms of their rotating-frame distribution functions. Analogously, the laboratory-frame distribution
function of the small ferromagnet is determined by Fs(t, t
′) = R(t)F˜s(t, t′)R†(t′), where F˜s(t, t′) is the rotating-frame
distribution function. With spin-indices written explicitly follows
Fσσ
′′′
s (t, t
′) =
∑
σ′σ′′
Rσσ′(t)F˜
σ′σ′′
s (t, t
′)[R†(t′)]σ′′σ′′′ . (S11)
Using the θ = const. and φ˙ = const., the spin-diagonal contributions of the laboratory-frame distribution function
become
F ↑↑s (t¯, ω) = cos
2 θ
2
F˜ ↑↑s (ω − ω−) + sin2
θ
2
F˜ ↓↓s (ω − ω+)−
sin θ
2
[
F˜ ↓↑s (ω − φ˙/2)e−iφ˙ cos θ t¯ + F˜ ↑↓s (ω − φ˙/2)eiφ˙ cos θ t¯
]
,
(S12)
F ↓↓s (t¯, ω) = cos
2 θ
2
F˜ ↓↓s (ω + ω−) + sin
2 θ
2
F˜ ↑↑s (ω + ω+) +
sin θ
2
[
F˜ ↓↑s (ω + φ˙/2)e
−iφ˙ cos θ t¯ + F˜ ↑↓s (ω + φ˙/2)e
iφ˙ cos θ t¯
]
,
(S13)
where t¯ = (t+ t′)/2. However, despite this formal result, it is hard to make further progress. While we know the spin-
diagonal parts of the rotating-frame distribution function, F˜ ↑↑s (ω) and F˜
↓↓
s (ω), we do not know the spin-off-diagonal
parts F˜ ↓↑s (ω) and F˜
↑↓
s (ω). The spin-diagonal parts are hard to determine, because of the time-dependence of the spin-
off-diagonal contributions of the rotating-frame self-energy and the retarded and advanced part of the rotating-frame
Green’s functions. So, we cannot determine the spin-diagonal parts of the laboratory-frame distribution functions.
In strong contrast to the distribution function Fs, it is straightforward to determine the laboratory-frame Keldysh
Green’s function GK from its rotating-frame version G˜K . The inverse rotation GK(t, t′) = R(t)G˜K(t, t′)R†(t′) is
analog to to the distribution function Fs. With spin-indices written out explicitly we obtain,
GKσσ′′′(t, t
′) =
∑
σ′σ′′
Rσσ′(t)G˜
K
σ′σ′′(t, t
′)[R†(t′)]σ′′σ′′′ . (S14)
However, in strong contrast to the distribution function, we know that the spin-off-diagonal contributions to the
rotating-frame Keldysh Green’s function G˜Kσσ¯ = G˜
R
σ Σ˜
K
σσ¯G˜
A
σ¯ are suppressed by the large value of the magnetization M .
Therefore, it is sufficient to take into account only the spin-diagonal elements. A straightforward calculation yields,
GKσσ(ω) = cos
2 θ
2
G˜Kσσ(ω − σ ω−) + sin2
θ
2
G˜Kσ¯σ¯(ω − σ ω+) , (S15)
GKσσ¯(t¯, ω) =
sin θ
2
[
G˜K↑↑(ω + cos θ φ˙/2)− G˜K↓↓(ω − cos θ φ˙/2)
]
e−iσφ˙t¯ , (S16)
4with the spin-diagonal part of the rotating-frame Keldysh Green’s function G˜K0 (ω) ≈ −2iΓΣF˜σs (ω)/[(ω− ξaσ)2 + Γ2Σ].
[1] P. Virtanen and T. T. Heikkila¨, Phys. Rev. Lett. 118, 237701 (2017), URL https://link.aps.org/doi/10.1103/
PhysRevLett.118.237701.
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